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ABSTRACT
In this paper, an effective multiresolution image representation using the combination of 2D quincunx ﬁlter bank (FB) and directional
wavelet transform (WT) is presented. The proposed method yields
simple implementation and low calculation costs compared to the
other 1D and 2D FB combinations or adaptive directional WTs. Furthermore, it is a nonredundant transform and realizes quad-tree like
multiresolution representation. In applications on nonlinear approximation and image coding, the proposed ﬁlter bank shows visual
quality improvements and has higher PSNR.
Index Terms— wavelet transforms, directional ﬁlter banks, image coding, nonlinear approximation.
1. INTRODUCTION
The traditional scheme to realize multiresolution image representation (MIR) is to apply 1D ﬁlters separately to horizontal and
vertical directions, commonly referred to as “separable” transform.
In contrast, “nonseparable” transforms consist of 2D ﬁlters and
2D downsampling matrices which cannot be factorized into 1D ﬁlter/downsampling pairs. The traditional wavelet transform (WT)
is categorized as a separable transform, which is used in various
applications. However, it has poor diagonal orientation selectivity
since frequencies which represent different orientation are gathered
into one subband in each resolution. For example, in image coding,
these diagonal high-frequency coefﬁcients are often truncated (not
transmitted to the decoder side) and thus, the reconstructed image
has blurred regions for diagonal orientations.
To reduce the artifact, some combinations of 1D separable and
2D nonseparable ﬁlter banks (FBs) have been proposed. The contourlet transform [1] is one of the most well-known transforms in this
category, which obtains MIR as Laplacian pyramid [2]. The method
shows good results in nonlinear approximation (NLA), however, it
is a redundant transform due to the Laplacian pyramid. Redundancy
is not desirable in many kinds of practical signal processing applications and thus its critically-sampled improvement, CRISP-contourlet
[3], was recently developed. However, it requires several sets of 2D
FBs which have speciﬁc (unusual) passband supports.
In [4], a simple tree-structure of 2D FBs, called uniformquincunx DFB (uqDFB), was presented where “quincunx” means
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the
matrix Q for 2D FBs is deﬁned as Q =
» downsampling
–
1 −1
. The uqDFB consists of only diamond and fan support
1
1
shape FBs. Furthermore, it satisﬁes the permissible condition which
is required to have good frequency characteristics. The uqDFB can
also merge its two lowest frequency resolutions to represent the lowfrequency region effectively. It is called nonuniform quincunx DFB
(nuqDFB) and the low-frequency resolution can be transformed by
the separable WT. The nuqDFB shows better results in NLA than
the contourlet due to its nonredundancy. However, it still remains a
problem that the transformed image cannot generate the traditional
quad-tree MIR and hence, the quad-tree coding cannot be used. To
overcome this problem on the 2D FB-based MIR, directional FB
(DFB) [5] is applied to the highpass subbands transformed by the
separable WT in [6]. This hybrid wavelet and directional transform (HWD) is suitable for the conventional image coding method
since every subband transformed by DFBs corresponds to that of
the separable WT. The HWD yields better visual quality in reconstructed images than the separable WT when the set partitioning
in hierarchical trees (SPIHT) [7] is employed as an image encoder.
However, many transforms by 2D FBs are required when we need
good orientation selectivity. Therefore, the computation cost for the
HWD is much higher than that of the separable WT.
Another method is not to discard high-frequency regions for
image coding at low bit rates. It needs only 1D WT ﬁlters and
is based on transform along the “curves” in images [8, 9, 10]. In
other words, 1D ﬁlters are rotated (or skewed) to ﬁt lines in images
(such as edges between objects and background). We denote this
type of WTs as “directional WT” hereafter. First, the directional
WT transforms an original image with the vertical downsampling
matrix Mv = diag(1, 2), and then transforms with the horizontal
one Mh = diag(2, 1) (or vice versa). After both downsamplings
of the directional WT, one has four subbands corresponding to the
traditional WT’s LL, LH, HL, and HH. Obviously the LL subband
can be transformed recursively, thus ﬁnally the quad-tree MIR is obtained. The directional WTs are suitable for the conventional quadtree coders.
By transforming along the curves in images, the directional WTs
preserve both high-frequency and low-frequency information even
in low bit rates where the separable WTs often yield blurred artifacts. However, they have some drawbacks compared to the traditional separable WT. The main drawback is the computation cost to
determine the curves in images. At each pixel, transforms are needed
for several directions to decide the direction which maximizes the
energy in LL subband (i.e. minimizes the energies in LH, HL and
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Fig. 1. Transform directions.

HH subbands). Furthermore, directional WTs support sub-pel and
quarter-pel accuracy for each direction which contributes to better
representation of curves along with a signiﬁcantly higher computation cost than that of the separable WTs. Furthermore, they need to
transmit the side information of the curves to decoder. Although this
barely affects the entire bit budget to be encoded, it usually requires
a careful manipulation to store or transmit since it should be lossless
data.
To overcome the problems as previously mentioned, we propose
a new combination of 1D and 2D FBs based on 2D quincunx FBs
and the directional WT (QDW). It does not require any adaptive processing as in the conventional directional WTs. The proposed combination is simple, but preserves both low- and high-frequency information even after the quantization/truncation of many transformed
coefﬁcients.
2. QDW FRAMEWORK
In this section, we present the QDW framework. It is based on a
simple method to avoid the direction search part on directional WTs.
Furthermore, the QDW can be used iteratively and the resulting multiresolution image is similar to that using the traditional WT. The
transform directions are deﬁned as shown in Fig. 1.

Fig. 2. Pertaining to the 2D QDW framework. (Top) Frequency
plane partition where numbers represent subband indices. (Bottom)
Subband 2 after 1-level decomposition which represents the direction along π/4.

2.1. 2D Part in QDW

high-frequency coefﬁcients which are distributed on speciﬁc direction along π/4. Consequently, the 2D part in the QDW framework
provides a new MIR with the downsampling matrix diag(2, 2): 1)
lowpass, 2) highpass with the horizontal-vertical curves, 3) highpass
with the curves along π/4, and 4) highpass with the curves along
−π/4.

In the QDW, the original image is ﬁrstly decomposed by two 2D
quincunx FBs (see “Quincunx FB Part” in Fig. 3). One of them consists of a diamond ﬁlter and its complementary ﬁlter, and the other
is a fan ﬁlter pair. The fan FB is fundamentally realized to modulate horizontally (or vertically) the diamond FB by ejπ , thus we now
consider required properties for a diamond FB. The most important
requirement in the QDW or other image processing using FBs is
regularity of ﬁlters. The QDW transforms images by 2D FBs ﬁrst,
and then it performs the directional 1D part. Hence avoiding DC
leakage in highpass ﬁlters is a challenging issue. In this paper, we
employ the diamond FB proposed in [11] which is based on the direct optimization of its ﬁlter coefﬁcients. Both lowpass and highpass
ﬁlter sizes are 11 × 11 and there are two zeros at aliasing frequencies. There are many methods to design 2D diamond or fan FBs,
however, the FB used here has a short highpass ﬁlter length. The
high-frequency regions usually exist locally. The short highpass ﬁlter does not spread them into neighborhood regions. The fan FB is
determined as a modulated version of the diamond FB.
Fig. 2 shows the frequency plane partition using quincunx FBs
and the subband 2 of the 512 × 512 grayscale image Barbara after 1-level decomposition1 by 2D quincunx FBs. The subband has
the size of 256 × 256. The pixel values are emphasized to clearly
show the directional characteristics. One notes that it captures the
1 The
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2.2. Directional 1D Part in QDW
The previous subsection shows that the 2D quincunx FBs decompose directional high-frequency energy in the original image well.
The entire QDW framework is shown in Fig. 3. In this ﬁgure, arrowheads in “Separable Directional WT Part” represent the transform directions. In this paper, the 9/7 WT is used for subbands 1
to 3. It is realized by the lifting factorization of their ﬁlter coefﬁcients which consists of two prediction and two update steps, and
one scaling [12]. For subbands 2 and 3, the 9/7 directional lifting
WT is applied in the direction π/4 and −π/4 ﬁrst, and then in the
direction −π/4 and π/4, respectively. The directional lifting WT
for the direction π/4 with the vertical downsampling is shown in
Fig. 4. In this ﬁgure, “p” and “u” denote coefﬁcients for prediction
and update steps, respectively. Additionally, white and gray circles
indicate the even and the odd rows, respectively. Please refer to [10]
for the implementation of the directional WTs as 2D FBs.
In this part, the curve determining process required in the adaptive directional WTs is no longer needed for the QDW since its 2D
part divides the curves along the diagonal directions. After the di-
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Fig. 3. QDW decomposition.
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Fig. 4. Directional lifting WT along the direction π/4.
Fig. 7. SPIHT image coding results.
rectional part, there are 12 subbands corresponding to the subband 0.
Obviously, the downsampling matrix for the subband 0 is diag(2, 2),
hence its size is one fourth of the original image. The QDW can be
applied to the subband 0 recursively if needed.
3. APPLICATION
In this section, we discuss applications using the QDW in NLA and
image coding. For fair comparison, two benchmark results are presented. One is the separable 9/7 WT, and the other is the contourlet.
5-level decomposition is used for all of the transforms including the
QDW. For the QDW, the decomposition level for 2D quincunx FBs
can be changed. Hence, we show results from two designs: 1) 1level QDW and 4-level WT (abbreviation is QDW(1, 4)) and 2) 2level QDW and 3-level WT (abbreviation is QDW(2, 3)). In each
level for QDW, an input subband is decomposed by quincunx FBs
followed by the directional WTs (see Fig. 3). In this paper, Barbara
image is used for all applications since it has rich textures.
3.1. Nonlinear Approximation
NLA is a good measure to estimate the potential of transform methods for MIR. All 5-level decomposed Barbara images are set to have
the same number of the largest coefﬁcients and the remaining coefﬁcients are set to zeros. The comparison of NLA is presented in Fig.
5. Obviously both of the QDWs accomplish uniformly higher PSNR
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than the conventional methods. The contourlet has worse results
when the number of kept coefﬁcients increase since it is a redundant transform. The QDW(2, 3) is slightly worse than the QDW(1,
4) in the large number of kept coefﬁcients. The reconstructed images
with 5% of kept coefﬁcients are shown in Fig. 6. The QDWs capture
high-frequency regions (such as trousers) as well as the contourlets.
Furthermore, smooth regions are reproduced as well as the 9/7 WT.

3.2. Image Coding
Image coding is one of the key applications using MIR. Based on
the NLA results, the QDW is expected to have good image coding
performance. In this subsection, we compare the proposed method
with the 9/7 WT on the set partitioning hierarchical trees (SPIHT)
progressive image transmission algorithm [7]. The results in various
bitrates are depicted in Fig. 7. In low bitrate, the QDWs show better
results than the 9/7 WT. To compare the perceptual visual quality,
the reconstructed images for 0.25 bpp are shown in Fig. 8. Clearly
the textures on the tablecloth are different. The QDW(2, 3) keeps the
best textures, whereas the QDW(1, 4) has better texture presentation
comparing to that using the 9/7 WT. There is a trade-off issue to
select the QDW(1, 4) or (2, 3) between PSNR and textures, however,
both show good visual quality.

PSNR = 28.22 dB

PSNR = 28.19 dB

PSNR = 29.12 dB

PSNR = 29.25 dB

Fig. 6. Reconstructed image used NLA. From left to right: 9/7 WT, Contourlet, QDW(1, 4) and QDW(2, 3).
PSNR = 26.92 dB

PSNR = 27.30 dB

PSNR = 27.41 dB

Fig. 8. Reconstructed image used SPIHT. From left to right: 9/7 WT, QDW(1, 4) and QDW(2, 3).

4. CONCLUSIONS
In this paper, we propose a new 1D and 2D FB combination named
the QDW for better MIR. It yields better results than the contourlet
or the 9/7 WT, and it can be implemented easily than the traditional
1D-2D framework due to small number of ﬁlterings by 2D FBs. Furthermore, the calculation of the curves in images is no longer needed
in contrast to the adaptive directional WTs. The QDW is expected
to have good performance in the other ﬁelds that require an efﬁcient
MIR (such as denoising). We plan to investigate these in future work.
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